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Electron  Beam  Trajectory  in  a 
Photometer  Field  of  View 
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l-  rots'!  the  irii'f'Dtion  of  the  use  of  electron  beams  on  sounding  rocket  flights, 
nh  otometers  have  been  used  to  measure  the  light  produced  bv  the  interaction  of  the 
electron  beams  with  the  gas  surrounding  the  rocket  pavload.  '  2  Since  the  path  ol 
an  electron  is  affected  by  the  earth's  magnetic  lie  Id,  the  measurable,  the  lumitiosi 
if  the  beam  -gas  interaction  in  the  lie  hi -of- view  oi  the  photometer  is  also  similar'" 
tffecte  i.  Ka'dv  experiments  tried  to  minimize  these  effects  by  making  measure¬ 
ments  (dost  rite  navload  and  with  a  restricted  field-. >f  -v.ew  for  the  photometer, 
l-or  me  isurcm cuts  awav  trotn  the  vehicle,  and  for  wule  viewing  angles,  expliol’ 
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cu-v  for  :  i  inning  and  ;m:  i-nretation  -I  e  ;p-  rimeius. 
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Figure  1.  Geometry  of  Klectron  Gun  (; 
and  Photometer  P  Mounted  on  a  Section 
>1  the  Kocket  Hodv.  t  he  origin  of  the 
>  oordinate  svstetr,  is  at  (1,  the 
z -distance  front  the  gun  to  the  photometer 
is  -l 


In  the  x,  v,  z  coordinate  system  shown  in  Figure  1,  the  gun  G  is  located  at  the 

origin.  The  photometer  P  is  mounted  at  -  p  ►  p  cos  ft.  p  sin  ;3.  -d.  At  any  time  t, 

let  a  beam  electron  be  located  at  x.  v,  z.  it  subtends  angles  9  and  0  at  the 
,  x  v 

ohotometer; 


i>  -  tan 
x 


x  *  P  -  P  cos  ,j 
z  >  d 


(1) 


h  =  tan 
v 


-  P  sin  ,i  \ 
z  *  d  I 


(2) 


In  the  special  case  =  0,  the  photometer  would  be  located  directly  below  G 
at  distance  d.  (see  Figure  2). 


3.  ELECTRON  TRAJECTORY -B  COORDINATE  SYSTEM 


The  luminosity  of  the  beam  atmosphere  interaction  measured  in  the  photometer's 
field-of-view  is  sensitive  to  the  magnetic  field  orientation  with  respect  to  the  beam 
or  rocket.  Part  of  the  electron  trajectory  may  move  in  or  out  of  the  field-of-view. 

In  the  B  system  of  coordinates  as  defined  in  Figure  -i,  the  magnetic  field  H 
is  parallel  to  the  z  axis.  The  vector  V  is  the  initial  beam  velocity.  The  v  axis 
ts  dehned  as  along  z  X  V.  Thus,  V  lies  in  the  z-x  plane.  The  origin  of  the  beam 
is  at  x=  0,  y  =  0,  z  =  0.  The  equation  of  motion  of  a  beam  in  the  B  svstem  is  as 
follows; 


x(t) 

R  sin  x't 

y(t) 

= 

R  -  R  cos  o)t 

z(t) 

Vll‘ 

B 

where 


ut 


eB 

me 


(4) 


Figure  4.  B-Cuordinate 
System.  Magnetic  field  B 
is  defined  along  z-axis 


B  -  System 


where  K  is  gvroradius,  u>  is  gvrofrequencv,  t  is  time,  and  V'u  and  Vj^  are  the 

veloeitv  component  parallel  and  perpendicular  to  the  magnetic  field  respectively. 

2 

1  lie  energy  E  of  the  electron  is  related  to  the  velocity  V  bv  E  =  1/2  MV",  where 
m  is  the  mass  of  electron. 

In  the  B  svstcm,  the  B  vector  is  fixed,  the  V  vector  varies  but  lies  in  the  z-x 
plane,  and.  as  the  rocket  spins,  the  photometer  look -angle  varies  with  time. 

4.  ELECTRON  TRAJECTORY— R  COORDINATE  SYSTEM 

In  order  to  study  the  electron  trajectory  in  the  field-of-view  of  the  photometer, 
it  is  more  convenient  to  define  an  R  system  of  coordinates  in  which  the  photometer 
look-angle  is  alwavs  fixed  and  the  B  vector  varies  with  time.  In  the  R  system 
(see  Figure  5),  the  z  axis  is  defined  as  parallel  to  the  rocket  axis,  y  axis  is  in 
radial  direction,  and  x  completes  the  right-handed  system. 


E'igure  5.  R  Coordinate  System. 
The  z-axis  is  parallel  to 
rocket  body  axis.  This  is  the 
same  coordinate  system  used 
in  Figure  1. 


At  time  t,  let  the  magnetic  field  vector  B  be  in  arbitrary  direction,  defined  by 
pitch  angle  -At)  and  azimuth  angle  0(0  in  the  R  system  (see  Figure  5). 

The  equation  of  motion  of  a  beam  electron  is  obtained  in  the  R  system  bv  an 
orthogonal  transformation  from  Kq.  (41  in  the  B  system. 
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In  s  oi  miss  oroduots,  tin-  transformation  equation  is  as  follows: 


_ 

r  -i 

:•;( :  > 

<  15  ■  *  >  '  B  !  (B  •  V>  •  B 

X-  ?  » 
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In  the  special  ease  when  the  magnetic  field  B  lies  in  the  plane  of  the  initial 
electron  beam  direction  and  the  rocket  axis,  the  transformation  equation  becomes 


’  \U  »  " 

0  1  0 

"  x(t>  ' 

v  <  t ) 

= 

-cos  «  0  sin  ■' 

v(t ) 

/(f) 

sin  "  0  cos  0 

z(t) 

. 

K 

- 

- 

where 


-* 

B 

71 


(0,  cos  •*,  sin  e)  . 


(7) 


I  I  MINORITY 


The  angular  coordinates  t)  and  4^  of  an  electron  as  viewed  by  the  photometer 
are  given  by  Eqs.  (1)  and  (2). 

Using  the  orthogonal  transformation  equation,  Eq.  (4),  one  can  write  down  the 
angular  coordinates  (Figure  2),  as  viewed  by  a  photometer  lying  at  (0,  0,  -d): 


■i  (t)  -  tan 

A 

er(t>  =  tan 


/  x(t )  •  (>  -  f>  cos  \ 
\ - lit  >“71 -  ) 

I  v(t)  - 

l  — IT V. 


(8) 


f>  -sin  ,i  \ 


FUNCTION  F(f) 


The  electron  would  lie  in  the  photometer  field -of -view  if  Eq.  (3)  is  satisfied 
(see  Figure  3i.  Equivalentlv,  let  us  define  a  function  K(t): 

Kiti  =  •“  -  J  i -  ->x  u->r  -  -  ^v.u-)]2  j  . 

If  F.q.  (.3)  is  satisfied,  then  the  function  F(t)  is  positive,  (see  Figures  6  and  7), 

!  •- 1 1 !  >  0  .  ( 


Figure  6.  Tvpieal  Behavior 
of  Function  Fuh  The  beam 
electron  is  in  the  photometer 
field-of-vievv  during  the  period 

!  j  tO  t2 


electron 

trajectory 


Figure  7.  Blectron  Beam  Trajectory 
in  Photometer  Field-of- View.  The 
beam  entering  field-of-view  (dashed 
circle)  at  tj  and  leaves  at  t. 


••.t;  itit.'t  with  a  gas  atom,  or  molecule,  to  create  ionization  or 
U"  tno-itv  I . (  K >  measured  at  the  photometer  is  proportional  to  the 
■  iis'an>  e  >it  t  of  the  electron  from  the  photometer. 


,  ,  ,  ©i 
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where  N  is  a  proportionality  constant.  V  is  the  velocity  of  the  electron,  and  (7(E) 
is  the  cross-section  of  ionization  and  excitation.  It  is  assumed  that  no  significant 
energy  loss  (A  E/E  «  1)  takes  place  along  the  beam  while  in  the  photometer  field - 
of-view.  (f?)  (x)  is  a  step  function: 


©  (x) 


1  if  x  >  0 
0  if  x  <  0 


From  Eq.  (10),  one  obtains  the  geometric  factor  G  as  follows; 


L(E)  =  N  Y(E)  (7(E)  G 


where 


t.,  ■ 


G  =  /  dt  -d, - 


1 


1  =  1  l2i-l 


s“(t> 


2  1/2 

s(t)  -  [x~(t)  •  v"(t)  f  (Z  *  dr| 


When  the  initial  velocity  vector  V  of  the  electron  is  perpendicular  to  the  mag- 

-♦ 

netir  field  vector  B,  the  beam  forms  a  circular  path.  The  condition  is 


B.Y  0  . 


(11) 


Every  electron  injected  into  the  path  would  stav  in  the  path  and  never  propagate  away 

(see  Figure  (').  This  is  a  nonpropagation  mode.  The  luminosity  1,(E)  for  this  mode 
_ ') 

is  high,  because  s  “(t)  does  not  decrease  with  time. 


MAGNETIC  FIELO 
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Figure  8.  Ciri  ular  Electron 
Trajectory  When  Initial  Electron 
Velocity  is  Perpendicular  to 
the  Magnetic  Field 


ELECTRON  TRAJECTORY 
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The  above  condition  agrees  with  the  experimental  result  of  lsraelson  and 
Winckler  who  detected  a  substantial  increase  in  photon  flux  at  90  J  pitch  angle  in 
the  Echo  2  rocket  beam  experiment. 

6.  SCEX  ROCKET 

As  an  example,  for  the  SCEX  rocket  experiment  the  specifications  of  the 
photometer  on-board  is  given  in  Table  1. 


Table  1.  SCEX  Photometer  Specifications 


Photometer  rotation  angle  ,J 

=  0J 

Photometer  distance  from  gun 

(d) 

119  cm 

Center  of  field-of-view  I'i  (c), 

L  X 

!Mc>] 

=  [0\  20 0 ] 

Radius  of  field-of-view  4 

r 

--  15“ 

The  condition  of  Eq.  (11)  for  nonpropagation  modes  to  exist  becomes 

sin  (1  cos  0  +  cos  '1=0  (12) 

where  9  and  0  are  rocket  pitch  and  azimuth  angles.  The  solutions  of  Eq.  (12)  are 
plotted  in  Figure  9. 

In  Figure  9,  the  pitch  angle  actually  runs  only  from  O’  to  180°  because  it  is  a 
cone  angle.  The  azimuth  angle  <>  at  180°  is  the  same  as  -180°  because  it  is  a 
rotation  angle.  Solutions  exist  onlv  for  a  range  of  values  of  pitch  angle. 

Examples  of  electron  beam  trajectories  as  viewed  at  the  SCEX  photometer  are 
presented  in  Figures  10  and  11.  Three-dimensional  plots  of  luminosity,  for  the 
case  of  SCEX,  as  a  function  of  9  and  0,  are  shown  in  Figures  12  and  13.  The  loca¬ 
tion  of  the  spikes  should  fall  on  a  continuous  curve  given  in  Eq.  (12)  (Figure  0)  hut 
computer  calculation  requires  the  use  of  grid  points  which  are  discrete.  Therefor* 
the  singularities  do  not  look  like  a  continuous  wall,  hut  appear  as  spikes.  The 
1900-eV  case  gives  a  generally  higher  (about  2  to  3  times)  luminosity  than  the 


3.  lsraelson,  G.  .  and  Winckler,  .J.H.  (1975)  Measurement  of  3914-A  light 
production  and  electron  scattering  from  electron  beams  artificially 
injected  into  the  ionosphere,  .1.  Geophvs.  Res.  80:No.  25-3709-37  12 

-  vw. 

NASA  Rocket  27.045,  launched  on  27  .lanuarv  1982,  from  Churchill,  Canada 
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Figure  12.  (Geometrical  Factor  ol  Luminosity  of  the  Electron  Beam  as 
Viewed  bv  the  Photometer  on  the  SCRX  Rocket,  Beam  Knergv  is  1900  eV 
The  functional  dependence  on  pitch  and  azimuth  angles  are  plotted 


